Even Canonical Surfaces with Small K2 -II. KAZUHIRO 
KONNO (*)
Introduction. This is the second part of a study of even canonical surfaces which we began in [12] (referred to as Part I). Let S be a canonical surface, and let 4K:
denote the canonical map. We put and call it the canonical image. In Part I, we considered even canonical surfaces S with K2 4x(os) -16 and showed that X cannot be cut out by hyperquadrics. More precisely, the irreducible component of the quadric hull Q(X) of X containing it is of dimension 3, answering affirmatively to a conjecture of Reid [14, p. Among them, the last two are the majority in the sense that pg is unbounded. Another point to be noticed is that the canonical image is projectively normal.
We hope that our experiments in this series of works give an evidence for the validity of Reid's conjecture [14] and illustrate what happens on Reid's line K2 = 4pg -12. The author would like to thank Professor T. Ashikaga for stimulating discussions.
1, Classification by the semi-canonical map.
Let S be a nonsingular projective surface defined over the complex number field C. It is called an even surface if the second Stiefel-Whitney class vanishes [9] . It is called a canonical surface if it is minimal and the rational map associated with the canonical linear system I induces a birational map of S onto the image [9] . Throughout the paper, we denote by S an even canonical surface with K 2 = 4x(ns) -16. Let L be a semi-canonical bundle, i.e., a line bundle on S satisfying 2L = K.
We call the rational map 0 L associated with L ~ I the semi-canonical map of S. Put n = h°(L) -1. PROPOSITION 1.1. Let S be an even canonical surface with K2 = 4n -4andthesemi-canonicalmapØL: satisfies one of the following:
(1) 0 L induces a birational map of S onto its image. (II) OL induces a holomorphic map of degree 2 onto a surface of degree 2n -2 in pn which is not birationally equivalent to a ruled surface.
(III) OL induces a rational map of degree 3 onto a ruled surface.
(IV) ~L induces a holomorphic map of degree 4 onto a surface of degree n -1 in P n .
(V) ~L is composed of a nonhyperelliptic pencil of genus 3 or 4. 201 Furthermore, L2 = 4n -4 and H'(L) = 0 hold when S is of type (I), (II) or (IV) . When morphic map of C onto its image which is of degree 4n -4 in P" . Then Castelnuovo's bound [7] implies g(C) 6n -9. This is absurd, since g(C) = 6n -5. Q.E.D. [3] ). An irreducible nondegenerate 3-fold of degree n -2 in P n is one of the following varieties:
(1) p3 (n = 3).
(2) A hyperquadric in P4(n = 4). = 4n -4, we see that V is a hyperquartic section of Q(V). Since the canonical image X is the Veronese transform of V, it is a hyperquadric section of the Veronese transform of Q(V). Since the homogeneous ideal of Q(V) is generated in degree 2, it follows that X is cut out by hyperquadrics and hence X = Q(X). Q.E.D.
Conversely, we check the existence of surfaces of type (Ia). When Q(V) is a non-conic Del Pezzo threefold, this is straightforward by using a description of Q(V) in Lemma 2.5, (4): one can check that a generic hyperquartic section of a non-conic normal Del Pezzo 3-fold has at most rational double points, and that its minimal resolution is an even canonical surface with K2 = 4pg -12, q = 0. In particular, we have an octic surface when Q(V) is the Veronese transform of p3.
In the rest of the section, we consider (3a) and (3b) in Lemma 2.5.
Let v be the vertex of Q(V). We denote by A o the pull-back to ,S by OL of the linear system of hyperplanes through v. We let G be the PROOF. Since KG = 2LG = 0, G consists of ( - 2 ) Let S be a surface of type (Ib) with n &#x3E; 5. Assume that the quadric hull Q(V) of the semi-canonical image V is a rational normal scroll of dimension 3. Let A be the pencil of irreducible curves on S indiced by the ruling of Q(V) via 4L. Let p: S -~ ,S be a composite of blowing-ups which eliminates We assume that p is the shortest. PROOF. Since % * 5, a ~ 6 and 6 0, we see from (5.1) and (5.2) that only (1) and (2) Since S is an even surface, D 2 is a nonnegative even integer. Hence D~ when n * 6, and D 2 = 0, 2 when n = 5. Q.E.D. (a, b, c) = (1, 1, n -4), 0, 2, n -4) or (0, 1, n -3 ).
Assume that c = n -4. We have shown that there is a non-trivial relation of the form where A E ( n -4 ) F) . From this, we see that A cannot be divided by ~ 2 . Hence n ; 7 if a = 1, and % 5 10 if a = 0.
When c = n -3, we can assume that there is a non-trivial relation of the form or, when n = 5.
where A E h * H° (3T -(n -4) F zero, then, by eliminating 77 using the first relation, we would get a non-trivial relation in (zo , Zl, ç 0, ç I, ç 2) which is of degree 5 7. Since the arithmetic genus of Co is 15, Co has two singular points x1, X2 of multiplicity 2 which are possibly infinitely near. Since the dualizing sheaf of Co is induced by n ( 4 ), the conductor of C -Co comes from M -3E. It follows that Co contacts the line 1 jointing xl and x2 to the third order at the point (corresponding to) x=CnE.
Let v: Z -p2 denote the blowing-up at xl , x2, and put Ei = v -1 Then the proper transform of Co by v is isomorphic to C, and it is linearly equivalent to 7 y * l -2Ei -2E2 . Let PROOF. We have M2 = 4n -5, Assume that n = 4. Then V is of degree 11 in P 4 . If Q(V) were a nonsingular hyperquadratic, then its Picard group is isomorphic to Z, and it follows that deg V must be even. This is impossible. Hence Q(V) is singular. Assume that n = 6 and Q(V) is a cone over the Veronese surface. Then, considering the pull-back of the linear system of hyperplanes through the vertex of Q(V), we By Lemmas 6.3 and 6.4, we can assume that Q(V) is a rational normal scroll and n ~ 5. Let A be a pencil of irreducible curves on S induced by a ruling of Q(V). Let p: S ~ ,S be a composite of blowing-ups which eliminates
We assume that p is the shortest. Let be the corresponding fibration. We denote by D a general fibre of ~. Using M instead of L, we can show the following similarly as in Lem- which is birational to C, Castelnuovo's bound (e.g. [7] ) implies that g(C) ; n. It follows that KH Let S be a surface of type (IV). We denote by f: ,S --~ V the holomorphic map of degree 4 induced by where V is a surface of degree n -1 in pn. It is known that V is one of the following (see, e.g. [13] , [3] ):
(1) P2 , (n = 2). (4) A rational normal scroll of dimension 2, that is, the image of id by the holomorphic map associated with + ((n -1 + where n -1 -d is a nonnegative even integer (n &#x3E; 4).
Our result can be summarized in the following: THEOREM 8.1. Let ,S be a surface of type (IV). Then it is a regular surface.
(1) Assume that n = 2. Then the canonical model of S is a weighted completes intersection of type (4, 6) in the weighted projective space P ( 1, 1, 1, 2, 3 We assume that n * 4 and that V is a rational normal scroll of dimension 2.
The following can be shown as in [8 [15, Theorem 3] 
